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1 Introduction

In this Report, we describe a new mimetic finite-difference method for the
diffusion equations on polygonal /polyhedral meshes when the coefficients
and the right-hand side of the equations are discontinuous inside mesh cells.
The latter situation occurs in many important practical applications when
a designed mesh does not fit the interfaces between different materials. The
proposed method can be also efficiently applied to the case of meshes with
strong refinement in local subdomains and to homogenization problems. The
new method allows to reduce significantly the size of the underlying algebraic
systems by using special elimination procedures for groups of interior DOF.

The Report is organized as follows. In Section 2, we give the formulation
of the problem. In Section 3, we describe in details the proposed method. In
Section 4, we give the algebraic analysis of the method. Section 5 contains
results of numerical experiments. Finally, in Section 6, we briefly indicate
two natural generalizations of the new method.



2 Problem formulation

2.1 Differential formulation

We consider the diffusion equation

—div (agradp) + cp = f in Q (1)

where p is an unknown scalar solution function (pressure), a = a(x) is a
diffusion tensor, ¢ = ¢(z) € Loo(R2) is a nonnegative function, f = f(x) €
Ly(9) is a source function, and 2 C R? is a bounded domain. We assume that

the boundary 0 of the domain €2 is partitioned into two nonoverlapping sets
I'p (Dirichlet) and I'y (Neumann), such that I'p =I'p and I'p UT'y = 0.

In general, we assume that a is a symmetric, uniformly positive definite
2 x 2 matrix which piecewise constant entries, i.e.

(a()€, &) > a?(&, &) VEER® ae inQ

with a positive constant o which is independent of x and &.

Equation (1) is complemented with the boundary conditions

p = gp on Ip,
(agradp) -m = gy on Iy,

(2)

where n is the outward unit normal vector to 02, gp and gy are given
functions on I'p and I'y, respectively. We assume that problem (1) - (2) has
a solution p = p*(z).



We replace differential problem (1)-(2) by the equivalent first order system

alu + gradp = 0

(3)

dive + cp = f in Q
with boundary conditions

p = gp on I'p,
—u-n = gy on [y,

where u = —a grad p denotes the unknown flux vector function.



2.2 Mimetic finite difference method

Let 7, be a triangular partitioning of 2. This partitioning can be, generally
speaking, nonconforming, i.e. a vertex of a mesh triangle in 7;, may belong to
the interior of an edge of another triangle in 7;,. We define the scalar product
in the space of discrete normal fluxes with a symmetric positive definite
matrix M (see, for instance, [2], [4]). Then the mimetic finite-difference
discretization of (3)-(4) is defined by the system of mesh equations

up -+ GRAthh = 0
DIV, u, + chpn = fn

(5)

with properly defined discrete boundary conditions. This mesh system can
be presented in the matrix form by

(o ) ()~ (%) ‘

with properly defined matrices M _(matrb_( of the scalar products in the space
of fluxes), B, and ¥ and vectors G and F.



2.3 Connection with mixed FE method

The weak formulation of (3) - (4) is as follows [1]: find v € H(div, ),
u-n = —gy on 'y, and p € Ly(Q2) such that the equations

alu,v) + b(v,p) = Ip(v)
(7)

blu,q) — o(p,q) = I(q)

hold true for all v € H(div, ), v-n =0 on 'y, and g € Ly(Q).

Here the bilinear forms and linear functionals are defined by

a(u,v) = /(alu)~vdx, b(u,q) = —/divuqu,

Q Q

op.q) = /cyoqu, (8)

) = - [ mds L) = - [Fax



In order to approximate the above problem, we apply the mixed finite
element method. Given the finite dimensional subspaces V), of the space
of fluxes V. = H(div,Q), and @) of the space of pressures Q = Lo(Q),
respectively, we introduce the finite element problem in the form:
find w, € Vi, up, - m = —gny on 'y, and p, € @), such that the equations

a(up,v) + blv,pn) = Ip(v)
(9)
b(un,q) — olpn,q) = Is(q)

hold true for all v € V},, v-n = 0 on I'y, and ¢ € Q). Here gyy is an
appropriate approximation of the function gn on I'y.

Mixed FE method generates the mass matrix M which defines the scalar
product in the space of discrete normal fluxes. If we choose the space V},
in (9) as described in Section 3, and we choose the underlying mass matrix
M for the scalar product in the mimetic finite-difference method then both
methods result in the same algebraic system (6).



2.4 Assumptions

For the sake of simplicity, we assume that €2 is a union of L nonoverlapping
polygons €2; with boundaries 0€);, i.e.

L
Q=J (10)
=1
Thus, € is a polygon with polygonal subdomains €;, [ =1, L.

Also, for the sake of simplicity, we assume that in each subdomain €2; the
coeflicient ¢ is a positive constant and a is a constant scalar tensor, i.e.

c=c¢ and a = gl in Q (11)

where ¢; and a; are positive constants, [ = 1, L, and I, is the identity 2 x 2
matrix.



3 Mimetic finite-difference method on polyg-
onal meshes with mixed cells

3.1 Polygonal meshes with mixed cells

Let 74(Q) = { Ek}ivzl be a conforming partition of ) into nonoverlapping
polygons, i.e.

N
Q=|JE. itE()intE =0 I#k (12)
k=1

where int F; denotes the interior of Fj.

The term “conforming” implies that two different polygons in the parti-
tion have either a common vertex, or a common whole edge, or a common
whole face, or do not intersect. We also assume that if f is a boundary face
of Ey for some k (i.e. f C 0Q) then either f C T'p, or f C T'y.

A mesh cell E is said to be mixed if the interior of Fj has nonempty
intersections with at least two subdomains €; with different values of
and/or ¢;, [ = 1, L. If the partitioning 7z is not conforming with respect
to the boundaries of subdomains €2; we definitely get mixed mesh cells E},
1 < k < N. Two examples of a mixed square mesh cell are shown in Figures 1
and 2.

10



Figure 1: Mixed cell with three Figure 2: Mixed cell with inclusion
materials
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3.2 Triangulation of mesh cells Fj

Let E be a particular mesh cell Ej, in Ty with m = my, edges ', s = 1, m.
For example, for square mesh cells in Figures 1 and 2, m = 4. If the boundary
OF of F intersects at least one of the interfaces between subdomains €2; and
Qu, 1 #1', this mesh cell is mixed. For instance, in Figure 1, three faces of F
intersect interface boundaries between subdomains €2, €25, and €23. The mesh
cell in Figure 2 is mixed but its boundary does not intersect with interfaces
between subdomains.

We define a partitioning of OF into T segments v;, t = 1, T such that the
interior of each segment ~,; belongs either to the interior of one subdomain
Q, 1 =1, L, or to the interface boundary between only two subdomains §);
and Qp, 1 <Il<!'<L,ortoI'yNoYy, 1 <1< L. Thus,

T
oE = | (13)
t=1

For example, for the mesh cell £ in Figure 1 the boundary OF is parti-
tioned into seven segments {v,}, i.e. T =7.

Let 7g ), be a conforming partitioning of E into n triangles e;, i.e.
E=|]Je. (14)
j=1

The conformity of triangulation means that any two different triangles in
Tp, either have a common edge, or a common vertex, or do not intersect
each other.

We assume that the partitioning 75, is also conforming with respect to
interface boundaries between subdomains ; and Qp, 1 <[ < I' < L, ie.
edges of triangles in 7., do not intersect these interfaces. Examples of 7f,
for the cell F in Figures 1 and 2 are shown in Figures 3 and 4, respectively.

12






We define the global triangular partitioning 7; of 2 by

,];z = TEk,h on Ek, k: 1, N,

i.e. the trace of 7, on a mesh cell Ej, is the above triangulation 7, ;, of E,
k=1, N. It is obvious that the triangulation 7} is not globally conforming
if the triangulations 7g, », and 7, 5 do not match on the interfaces between
cells B, and By, 1 <k <k <N.

14



The major goal of this research is to construct a discretization for the
diffusion problem (1) - (2) under the following conditions:

1. all the degrees of freedom (DOF) for the flux u should be associated
with the interface segments 7, = i v between neighboring cells Ej,
and Ej with only one DOF per interface segment;

2. all the DOF representing the solution function p should be associated
with cells Fy in 7y with only one DOF per Ey, k=1, N

The discretization method to be proposed consists of four steps:

1. we derive a discretization for the second equation in (3) (the conser-
vation law equation) on Ey, k=1, N;

2. we discretize problem (3) - (4) by a mimetic finite-difference method
on triangular mesh 7p;

3. we eliminate the DOF for the flux w associated with the edges of 7},
which are interior for cells Ey, k = 1, N. We also eliminate all the
DOF for the solution function p;

4. we derive the requested discretization by the combining of the discrete
equations obtained in steps 1 and 3

15



Step 1

We derive the discretization for the conservation law equation by the
integration of this equation over the cells Fy in Ty:

T
/(V.u+cp)dx = Z / (u.nk,t)dsjt/cpdx = /fdx, k=1, N,
t=1 Vit Ey,

Ey = Ey

(15)

where my; is a unit normal to yi, t = 1, T, If Ykt belongs to interface
between Ej and a neighboring cell Ey, and k < k', we assume that ny; is
directed from Ej, into Ej. On 7, belonging to 0f), we assume that ny is
the unit outward normal to 0f).

Thus, the discrete equation for E) can be written as

Tk
Z Vetluee + |Ekl éepr = |Ekl fr (16)

t=1

where |vy,| is the length of v, |Ey| is the area of E,

1
Cp = —— cdx, = — dx, 17
=g et fo= g [ a7)
Ey Ey
and

1
Uy = — / (u-nkyt) ds. (18)

|’Yk,t|

Vi, t

The equations (15) are complemented by the conditions that on the inter-
face segments vy ¢ = Y+ between neighboring cells Ej, and Ej with & < £/
we have

Uk = — Ut (19)

16



Step 2

Let Wy, be the lowest order Raviart-Thomas FE space on the triangu-
lation 7, 5, k = 1, N. Then the FE space V}, for the mixed FE method (9)
is defined as follows. V}, consists of vector functions v;, such that:

1. vy EW]CJL in Ek, kzl, N;

2. v, -ny; = vgy = const on vy, under the condition (19), t =1, T,
k=1, N.

The latter choice of V), generates the symmetric positive definite matri-
ces My, k =1, N, and M for the polygonal cells Ej, k = 1, N, and for
the whole domain €2, respectively. With the above matrix M for the scalar
product in the space of discrete fluxes the mimetic finite-difference method
(5) results in system (6) with the matrix

M BT N
A = (B 5 ) = ;NkAkN]? (20)

where

M BF
Ay = ( Lo ) (21)

is the matrix derived in Ej on the triangular mesh 7f, ; by the mimetic

finite-difference method with the scalar product matrix M, and N, is the
assembling matrix, £k =1, N.

17



Step 3

In order to describe the elimination algorithm for the vector p and the
interior (with respect to mesh cells Ey, k = 1, N) DOF for the flux @ we in-
troduce the following partitionings for the vectors @ and G, and the matrices
M and B in (6):

_ ur ~ Gr

M:(MF M“), B=(Br B),
My M,

where subindex “i” stays for the interior DOF of u, and “I'"” stays for the

rest of DOF which are associated with boundaries OF} of Ej, k =1, N.

With the above partitionings, we can present system (6) in the following
block form

My My, B Ur Gr
My M; BT w | = G |. (23)
Br B, —X D F

First, we eliminate the subvector #;. Then we get the system
My  BE T g
oo = (24)
Br —S p f

My = My — Mp; M7 Myp (25)

where

is the Schur complement for matrix M,

Br = Br — B; MZ-_I M;r, (26)

18



and

gr = Gr — Mp M G, (29)

It is obvious that both matrices MF and S are symmetric and positive defi-
nite. Moreover, S is a block diagonal matrix.

Let us introduce the partitionings for the matrices Mj and By similar to
those we defined for the matrices M and B in (22):

y® 0
M, — D T - M (B(k) B® ) E=T. N. (30
(Mfff) M b (30)

2

Then, the matrices Mp, Br, and S in (25)-(27) can be presented in the
assembling form as follows:

N
My = > Ney M NE,, (31)
k=1
o~ N ~
Br = Y NsuBYNE,, (32)
k=1
and
N
S =) NS N, (33)
k=1

with the appropriate assembling matrices Np and Ngy, k=1, N.

Here,

19



g = g — ) (M) v (34)

B = B — B (M) &

and

S, = B® [MP]7 [BP]T + 34 (36)

Thus, the matrices in (31)-(33) can be computed on the element-by-
element basis by computing the matrices in (34)-(36) in parallel.

Now, we get the system for the flux DOF by eliminating the vector p in
(24):

Rur = & (37)
where
R = My + BFS™'Br (38)
and
& = gr + BLSTT. (39)

As it was mentioned before, S is a block diagonal matrix with the matrices
Sk on the diagonal, kK =1, N.

Step 4

Now, we shall derive the final system by using equations (16)-(19) and
(37)-(39). For this goal, we present equation (16) assigned for a cell Fj in
the following matrix form:

20



éék)ﬂr — oppr = |Ek| fr, (40)

where

o = |Ei|ck, (41)

1 <k < N. At the same time, the equations in (23) assigned for the cell Ej
can be written in the matrix form by:

BH a® — x,p® = F®) (42)

where @), p*) and F® are the restrictions on Ej of the vectors @, p, and

F| respectively.

Let us denote by e the column-vector in R™ with all the components
equal to one, i.e.

e = (11 ...1). (43)

(k)

)

Let us also denote the diagonal entries of the diagonal matrix >, by o
1 =1, ng, le.
Y, = diag {ng), aék), ce a(k)}. (44)

Nk

It can be easily shown that equation (40) can be obtained by multiplica-
tion of equation (42) by the vector . In particular,

BY = p(eBY o) P (45)

where Py is the appropriate permutation matrix,

nk
o =y e, (46)
=1

21



1
o= =1, (47)

Ok =1
and
_ 1 &
R T AL A (48)
| k’ =1
where
(k) 1
¢ = — cdx, (49)
el /)
and
k 1
= —— | fdx, (50)
el )

1<i<ng,l<k<N.
Thus, we have arrived to two systems of equations
Rar = ¢ (51)
Brir — Spp = Fg (52)
where the rows of Br are defined in (15),
5= diag {01, o T O'N}, (53)
and components of pr and Fg are defined in (47) and (48), respectively.

We derive the final system

22



EF ur — iﬁE = Fg
where
M = R — BUS ' Br (55)
and
ij=¢&— BIS ! Fp. (56)

In fact, we multiply equations in system (52) by the matrix BXS ™! and

subtract them from the the equations in system (51) .

It can be shown by using special algebraic analysis that matrix M in (55)
is positive definite and well conditioned. For instance, its minimal eigenvalue
is bounded from below by the minimal eigenvalue of matrix M in (20).

23



4 Algebraic analysis of the method

Let us consider the following eigenvalue problem for the matrix Sy, in (36):

Sw = (BM'Bl + L)w = \w (57)

where, for the sake of simplicity, the upper index “k” is omitted.

Then, the spectral decomposition of S is given by

S =YWAWTY (58)
where
A= diag{A1, A2, ..., A},
(59)
W: [U_Jl, U_)Q, cee ’u_]n:|,
and n is the size of S. Here, 1 = Ay < Ay < --- < A, are the eigenvalues in
(57) and wy,ws, ..., w, are the underlying ¥-orthonormalized eigenvectors,
ie.
(wlm U_}l)E = (Zwka U_)l) = 5kla k7l: ]-7 n, (6())

and &y is the Kronecker delta.

The kernel of B; consists of the vectors with equal components. Thus, the
dimension of ker (S — X) equals one. It follows that the minimal eigenvalue
A1 =1 of S is single, i.e. A\; < A, and the underlying eigenvector w; in (57)
is known explicitly:

where



o = |Elé. (64)

Remind that the index “k” is omitted for the sake of simplicity in notations.

The spectral decomposition for the matrix S~! can be given by

"1
ST = WATWT = Y —wuf = Qi + Q) (65)
j=1"7
where
Q1 = ww; (66)
and
n 1 o
Q2 = N\, Wi - (67)
j=2"7

Let us consider the matrices (the index “k” is now back)

Lo = [B]" 5. BY. (68)
k=T, N in (38):
[EF]T‘Sil EF = ZNF’k Lk Ng‘:k (69)
k=1

With notations (66), (67), we get

L, = L + L (70)



where
L0 [BRTOWEW. ¢ 1,2 (1)

It is obvious that the matrices L,(f), t = 1,2, are symmetric and at least

positive semidefinite.

Let us analyze the matrix

S5EIT (k) 1 - (k)T Bk
LY = B @\ [@{"]" BY (72)
where
BY = BY — BM MM MY, (73)

The vectors @\ belong to ker [Bi(k)]T, k =1, N. Thus, we get much

simpler formulas for the matrices L,(Cl) :

1 T (k) (k)T pk ST Bk
R U (ST L R
where the matrices Bﬁk) are defined in (45), k =1, N.

Finally, we get a simple formula for the matrix L(0):

N
LY =" Npy LY NE, = BFS™ By (75)
k=1

Compare (55), (69), and (75), we conclude that the matrix

— ~

M=R-B'S'"Br =M + L® (76)

where

26



N
L® =" Npy LY NE (77)

k=1

is symmetric and positive definite.

It is also obvious that the minimal eigenvalue of M is bounded from below
by the minimal eigenvalue of the matrix M in (20). It can be also shown

that the condition number of the matrix M does not depend on the mesh
step sizes if the mesh €2, is regular shaped and quasiuniform.

27



5 Numerical results

In this Section, we present the results of numerical experiments for the dif-
fusion equation

—div(agrad p) +cp = f (78)

in the square domain Q@ = (0; 1) x (0; 1) with a scalar diffusion tensor
a, a positive coefficient ¢, and a given source function f. On each side I';,
1 <1 < 4 of € the solution p satisfies either Dirichlet, or Neumann boundary
condition, i.e.

p = gp on I'p,
D D (79)
—(a gradp)-n = gy on Iy

where n is the outward unit normal to the boundary 0f).

In the numerical experiments, we assume that €2 is partitioned into nonover-
lapping subdomains {Qk} and in each of the subdomains the coefficients a
and ¢, and the solution function p are constants. The mesh Qg is always a
square one. The discretization method is described in Section 3. We com-
pare the numerical results for the new methods with the results obtained on
the meshes with the earlier proposed in [3], [4] method which we refer as
div-const one.

The interfaces I'y; = 0€2, N 0§ between subdomains do not belong to the
union f the edges of the cells in Ey. So, we naturally get mixed cell in the
neighborhood of the interface boundaries I'y;. We calculate the error of the
discrete solutions obtained by the new and by div-const methods by using
the reference solution.

We calculate the reference solution numerically by the lowest order Raviart-

Thomas mixed finite element method on a very fine triangular mesh (~ 10°
triangles) which is conforming with respect to the interfaces I'y;.

28



Test Example 1

In the first experiment, we partition () into two rectangles as shown in
Figure 5. The mesh 2, is chosen in such a way that the interface I'y5 between
), and €25 crosses the vertical set of cells E as shown in Figure 6.

Q

a. ¢ f
a. c. f.

Q.

Figure 5: Partitioning of €2 into €2; and 2,

Figure 6: Square mesh €2,
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Input data:
ay = 1 a9 = 1

C1 = 100 Cy = 0.01

fi=0.01 fy, =100

Boundary conditions:
plr, =0
plr, =5

—(aVp-n)|rsur, =0

Mesh step size in €, : h = 1/51.

30
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Figure 8: Reference solution along the line y=0.5
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© new method

-div—const

0.15

0.1¢ _f-' | 1

0.05

Figure 9: Pointwise error for pressure function along the line y=0.5
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0.2

0.15¢ f _
0.1+ ]
0.05¢ ]
\

O0 0.2 (f 016 018 1

Figure 10: Error for pressure function along the line y=0.5, div-const method

x 10

0 I I 1 I
0 0.2 0.4 0.6 0.8 1

Figure 11: Error for pressure function along the line y=0.5, new method
(attention: different scale)
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0.1

© new method
-div—const

0.08¢ .
0.06f |
0.04 7 :
0.02 '
P C00000000000000000C0R000K

0 g ] 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 12: Error for fluxes along the line y=0.5
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0.1
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O 1 I I |
0 0.2 0.4 0.6 0.8 1

Figure 13: Error for fluxes along the line y=0.5, div-const method

0.02

0.015¢ 1

0.01} 1

0.0051 ]

0 1 1 1 L
0 0.2 0.4 0.6 0.8 1

Figure 14: Error for fluxes along the line y=0.5, new method (attention:
different scale)
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Test Example 2

In the second experiment, we partition €2 into to polyhedrons as shown
in Figure 15.

Qi

a: C f1 a, C» f2

Q.

Figure 15: Partitioning of €2 into Q; and €

/

Figure 16: Square mesh €
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Input data:
ay = 1 a9 = 1

¢y = 1000 ¢ =0.01
fi=0.01 fy =1000
Boundary conditions:
plr, =0
plr, = 10
—(aVp-n)|rsur, =0

Mesh step size in €, : h = 1/51.
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Figure 17: Reference solution

15 . . . .

O ! h L L
0 0.2 0.4 0.6 0.8 1

Figure 18: Reference solution along the line y=1/6
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0.5

0 0.2

04

new method
div—const

Figure 19: Pointwise error for pressure function along the line y=1/6
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1.5

il ]

0.5
0 ' - "
o 02 04 06 08 1

Figure 20: Pointwise error for pressure function along the line y=1/6, div-
const method

0.1

0.081

0.061

0.04¢

0.02r

O L 1 .
0 0.2 0.4 0.6 0.8 1

Figure 21: Pointwise error for pressure along the line y=1/6, new method
(attention: different scale)
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35 I

© new method
-div—const

2.5

0.5- \ oo

9000000000000l & N o
Yo

a °o -
0 I I I L Soracsacloo oo
0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 22: Error for fluxes along the line y=1/6
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0 | I I | L ! |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 23: Error for fluxes along the line y=1/6, div-const method

3.5 T T

2.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 24: Error for fluxes along the line y=1/6, new method
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Test Example 3
In the third experiment, we partition €2 into to polyhedrons as shown in

Figure 15. The mesh 2, is shown in Figure 16.

Input data:
ay = 500 a9 — 1

c; = 1000 ¢ =0.01
fi=0.01 fy =1000
Boundary conditions:
plr, =0
plr, = 10
—(aVp-n)|rsur, =0

Mesh step size in 2, : h = 1/51.
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25

Figure 25: Reference solution

20

101

0.1

0.2

Figure

0.3 0.4 05 0.6 0.7 0.8

26: Reference solution along the line y=1/3
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© new method
0.9 ——div—const =

g7l i

0.6 | -

0.4+ i

0.3 ji .

0.1 = =

Lg-o--2-0!

-&-5-C

Sa

Figure 27: Pointwise error for pressure function along the line y=1/3 (atten-
tion: different scale)
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Figure 28: Pointwise error for pressure function along the line y=1/3, div-

const method
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Figure 29: Pointwise error for pressure along the line y=1/3, new method
(attention: different scale)

46



2.5

1.5

0.5

05

47

© new method
-div—const

C00pPOCOCOPOOOOS

0.8

30: Error for fluxes along the line y=1/3

0.9

1



2.5

1.5 *

0.5 &

-

0 | I I | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 31: Error for fluxes along the line y=1/3, div-const method
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Figure 32: Error for fluxes along the line y=1/3, new method
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Test Example 4

In the fourth experiment, we partition €2 into four polyhedrons as shown
in Figure 33.

Q1 QZ

ai ¢ fi a: c f.

Qs Q.

a G fs a: c fa

Figure 33: Partitioning of €2 into 2, Qs, 3, and 24

Figure 34: Square mesh €

49



Input data:

a; =1 as =1 az =1 ay, =1
cp =100 ¢ =0.001 ¢3=0.001 ¢4 =100
f1=0.001 fo =100 f3=100 f4 =0.001
Boundary conditions:
plr, =0
plr, =10
—(aVp-n)|rsur, =0

Mesh step size in : h = 1/51
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Figure 36: Reference solution along the line y=1/3
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Figure 37: Pointwise error for pressure function along the line y=1/3
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Figure 38: Pointwise error for pressure function along the line y=1/3, div-
const method
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Figure 39: Pointwise error for pressure function along the line y=1/3, new
method (attention: different scale)
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Figure 40: Error for fluxes along the line y=1/3
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Figure 41: Error for fluxes along the line y=1/3, div-const method
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Figure 42: Error for fluxes along the line y=1/3, new method

95



Test Example 5

In the fifth experiment, we partition €2 into four polyhedrons as shown in
Figure 33.

Input data:

ap =1 a, =500 a3 =800 ay = 2
cp =100 ¢ =0.001 ¢3=0.001 ¢4=100
f1=0.001 fo =100 f3=100 f4 =0.001
Boundary conditions:
plr, =0
plr, = 10

—(aVp-n)|rsur, =0
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Figure 43: Reference solution
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Figure 44: Reference solution along the line y=1/3
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Figure 45: Pointwise error for pressure function along the line y=1/3
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Figure 46: Pointwise error for pressure function along the line y=1/3, div-
const method
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Figure 47: Pointwise error for pressure function along the line y=1/3, new
method (attention: different scale)

59



6 Generalizations

1. The extension to 3D problems can be done just by replacing in Sec-
tion 3 the word “polygon” by the word “polyhedron”. Of course,
the description of the method for 3D problems is more complicated
technically.

2. The multilevel extension of the method is also obvious. On the first
level we have to partition polygonal cells E}go) = FE} into smaller

polygons {E,ill)} and to assume that the discretization scheme on
the smaller polygonal cells is known. Then, the procedure can be
repeated until we get the triangular partitionings.
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